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Abstract
The main purpose of the present paper is to give an explicit description of the Wells map of a given group
extension to the case of automorphisms acting trivially on the quotient group. From this we obtain some of
new necessary and sufficient conditions for an automorphism of a normal subgroup of a group to extend to
the group itself, with trivial action on the quotient group.
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1. Introduction
Let E :N  GQ be a group extension with coupling χ :Q → OutN , where for conve-
nience we regard N as a subgroup of G and Q is identified with the quotient group G/N . Recall
that the automorphism group of the extension E is defined to be
AutE = {γ ∈ AutG | Nγ = N}.
An element (θ, σ ) of AutN × AutQ is called a compatible pair for χ if the following equation
holds for all x ∈ Q:
θ¯−1xχ θ¯ = (xσ )χ ,
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only if θ ∈ CAutN(Qχ). Let Comp(χ) be the group of all compatible pairs for χ and let A be the
center of N regarded as a Q-module via χ . The most fundamental result on the automorphism
group of a group extension is the following Wells sequence:
0 → Der(Q,A) → AutE → Comp(χ) Λ→H 2(Q,A),
where the Wells map Λ is not a homomorphism although the kernel of Λ has its usual meaning,
see [6,8] for further details.
However, the complexity of the construction of the Wells map makes it difficult to use directly.
The main purpose of the present paper is to give an explicit description of the Wells map to the
case of automorphisms acting trivially on the quotient group. Specifically, we shall prove the
following.
Theorem A. Let NGQ be a group extension with the coupling χ and let A be the center
of N regarded as a Q-module via χ . Then there exists an exact sequence:
0 → Der(Q,A) → CAutG(Q) → CAutN
(
Qχ
) ω→H 2(Q,A),
where ω is a derivation, with respect to the natural action of CAutN(Qχ) on H 2(Q,A). Here ω
is the restriction of the Wells map to the case of automorphisms acting trivially on Q.
In the situation of Theorem A, the natural action of CAutN(Qχ) on H 2(Q,A) can be de-
scribed as follows. Define the action of CAutN(Qχ) on Z2(Q,A) by αθ (x, y) = α(x, y)θ for
θ ∈ CAutN(Qχ), α ∈ Z2(Q,A) and x, y ∈ Q; this is well defined, since then θ clearly induces
a Q-module homomorphism in A. The coboundaries B2(Q,A) are setwise invariant under this
action and thus we obtain an induced action of CAutN(Qχ) on H 2(Q,A) as desired.
In particular, if we write CAutN(Qχ,A) to denote the group of those automorphisms of N that
centralize both Qχ and A, then the group acts trivially on H 2(Q,A). Therefore the derivation
ω will turn out to be a homomorphism when restricting ω to CAutN(Qχ,A). Consequently, we
have an exact sequence of groups and homomorphisms:
0 → Der(Q,A) → CAutG(Q,A) → CAutN
(
Qχ,A
) ω→H 2(Q,A),
where CAutG(Q,A) denotes the group of automorphisms of G that act trivially on Q and A.
We shall use the above exact sequence to study a very old problem that under what conditions
an automorphism of a normal subgroup of a finite group can be extended to the group itself, with
trivial action on the quotient group.
Theorem B. Let N  GQ = G/N be a group extension with the coupling χ , where G is
finite. Let S be an automorphism group of N and suppose that
(a) S ⊆ CAutN(Qχ),
(b) S centralizes Z(N), and
(c) (|S|, |Z(N)|) = 1.
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|Sˆ| = |S|. In particular, Sˆ is isomorphic to S.
We should stress that condition (a) in Theorem B is essential. In fact, if there exists an au-
tomorphism group of G extending S and acting trivially on Q, then S must be contained in
CAutN(Q
χ) by the exact sequence in Theorem A. Also, condition (b) cannot be dropped. To
see this, let G be a p-group whose automorphism group AutG has odd order for p > 3. (Such
groups were constructed in [1].) Take N to be the center of G and let S = 〈θ〉 where θ inverts N .
Then |S| = o(θ) = 2. In this situation, conditions (a) and (c) are clearly satisfied but S cannot
be extended to G. Similarly, condition (c) cannot be removed from Theorem B since the ho-
momorphism ω :CAutN(Qχ,A) → H 2(Q,A) determined by Theorem A is not trivial in many
cases.
Perhaps the following immediate consequence of Theorem B is surprising. We can use it to
study a relevant problem that under what conditions the automorphism group of a finite group
has odd order. For convenience we shall say that an automorphism θ of a finite group N is special
whenever θ(InnN) ∈ Z(OutN), [Z(N), θ ] = 1 and (|Z(N)|, o(θ)) = 1.
Corollary C. Let N be a normal subgroup of a finite group G. If θ ∈ AutN is special, then θ
has a unique extension θˆ ∈ AutG such that θˆ centralizes G/N and o(θˆ) = o(θ).
Special automorphisms do exist in many finite groups. In the extreme case where the center of
N is trivial, every automorphism θ of N such that θ(InnN) ∈ Z(OutN) is automatically special.
For instance, let N be the symmetric group S6 of degree 6 so that |Out(N)| = 2. Then N has
a special automorphism of even order. Furthermore, if N is a non-abelian simple group, then
each θ ∈ AutN of order coprime to |N | must be special by Lemma 1.3 in [2]. For example,
the projective special linear group PSL2(25) has a special automorphism of order 5. In the
remaining case where the center of N is nontrivial, we can take N to be an extra-special p-
group of exponent p for odd p and then by Corollary 4.3 of [4], we see that N has a special
automorphism of order 2.
The following is another application of Theorem A, which reduces the problem for extending
automorphisms to the case where the quotient group is a p-group for some prime p.
Theorem D. Let N be a normal subgroup of a finite group G. Then an automorphism θ of N
extends to an automorphism of G acting trivially on G/N if and only if for each Sylow subgroup
P/N of G/N , θ extends to an automorphism of P acting trivially on P/N .
The notation used in this paper will be standard, see [5]. In Section 2, we shall establish a new
cohomological criterion for extending automorphisms and then prove Theorem A. In Section 3,
we shall use the criterion to prove Theorems B and D. However, it is unknown for the author to
prove these two theorems directly without appealing to cohomological techniques.
2. Cohomological criteria
In this section we shall fix a group extension N  G Q = G/N with the coupling χ ,
and write τ :G → AutN to denote the homomorphism determined by conjugation in G. Clearly
gτ (InnN) = (gN)χ for all g ∈ G. Also, we shall always write A to denote the center of N
regarded as a Q-module via χ .
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to M is defined to be a map ϕ :X → M satisfying (xy)ϕ = (xϕ)yyϕ for all x, y ∈ X.
The main goal of this section is to construct a derivation
ω :CAutN
(
Qχ
) → H 2(Q,A)
with the property that an automorphism θ of N which lies in CAutN(Qχ) can be extended to an
automorphism of G acting trivially on Q if and only if θ lies in the kernel of ω.
We begin with a technical definition.
Definition 2.1. Let θ be an automorphism of N . A map ϕ :G → N is said to be associated with
θ if the following three conditions hold for all n ∈ N and g ∈ G:
(1) nϕ = n−1nθ = [n, θ ],
(2) (gn)ϕ = (gϕ)nnϕ , and
(3) [gτ , θ ] = (gϕ)τ .
Note that if ϕ exists, it is uniquely determined by θ modulo some map ψ :G → A. For, if
ϕ,ϕ′ are associated with θ , then (gϕ)τ = (gϕ′)τ for all g ∈ G, so gϕ′ = gϕgψ , where gψ ∈ A.
Notice also that we have
(2′) (ng)ϕ = (nϕ)ggϕ .
This can be proved by straightforward calculations using three conditions in Definition 2.1.
Lemma 2.1. An automorphism θ of N has an associated map if and only if θ ∈ CAutN(Qχ).
Proof. Suppose that θ has an associated map ϕ :G → N . By condition (3) of Definition 2.1, we
have [gτ , θ ] ∈ InnN for all g ∈ G. This proves that θ ∈ CAutN(Qχ).
Conversely, assume that θ ∈ CAutN(Qχ). Then, for each g ∈ G, we have [gτ , θ ] ∈ InnN .
Choose a gμ ∈ N with 1μ = 1 such that [gτ , θ ] = (gμ)τ . Let T be a representative set of cosets
of N in G with 1 ∈ T . Since g can be uniquely written as g = tm for some t ∈ T and m ∈ N , we
can define a map ϕ :G → N by setting gϕ = m−1tμmθ = (tμ)m[m,θ ].
What remains is to verify that the map ϕ satisfies three conditions of Definition 2.1. For
each n ∈ N , since 1μ = 1, we have nϕ = (1μ)n[n, θ ] = [n, θ ] and (gn)ϕ = (tμ)mn[mn,θ ] =
(tμ)mn[m,θ ]n[n, θ ] = (gϕ)nnϕ . Finally, [gτ , θ ] = [tτ , θ ]mτ [mτ , θ ] = ((tμ)m)τ [m,θ ]τ = (gϕ)τ
since [tτ , θ ] = (tμ)τ . The proof is now complete. 
From now on, for any map ϕ :G → N which is associated with a given θ ∈ AutN , we shall
always denote
(x, y)∂ϕ =
(
(xy)ϕ
)−1(
xϕ
)y
yϕ for x, y ∈ G.
This defines a map ∂ϕ :G × G → N which is automatically normalized, i.e., (g,1)∂ϕ =
(1, g)∂ϕ = 1 for all g ∈ G since 1ϕ = 1. Of course, the map ϕ is to be a derivation from G
to N if and only if the corresponding map ∂ϕ is trivial, that is, (x, y)∂ϕ = 1 for all elements x, y
in G. In particular, if y lies in N then by condition (2) of Definition 2.1 we have (x, y)∂ϕ = 1 for
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definition.
Lemma 2.2. Let ϕ :G → N be associated with an automorphism θ of N . Then for all x, y, z ∈ G
and m,n ∈ N , we have
(a) (x, y)∂ϕ ∈ A,
(b) (xy, z)∂ϕ · ((x, y)∂ϕ)z = (x, yz)∂ϕ · (y, z)∂ϕ , and
(c) (xm,yn)∂ϕ = (x, y)∂ϕ .
Proof. (a) Since [(xy)τ , θ ] = [xτ , θ ]yτ [yτ , θ ], by condition (3) of Definition 2.1, we have
((xy)ϕ)τ = ((xϕ)y)τ (yϕ)τ . It follows that ((x, y)∂ϕ)τ = 1 and hence (x, y)∂ϕ ∈ A.
(b) By the definition of ∂ϕ , we obtain
(
(xy)z
)ϕ = ((xy)ϕ)zzϕ · ((xy, z)∂ϕ
)−1
= (xϕ)yz(yϕ)zzϕ · (((x, y)∂ϕ
)z)−1 · ((xy, z)∂ϕ
)−1
,
and similarly we have
(
x(yz)
)ϕ = (xϕ)yz(yz)ϕ · ((x, yz)∂ϕ
)−1
= (xϕ)yz(yϕ)zzϕ · ((y, z)∂ϕ
)−1 · ((x, yz)∂ϕ
)−1
.
This proves (b) since ((xy)z)ϕ = (x(yz))ϕ .
(c) This follows from (b) by choosing y in N and then z in N , using the fact that (x, y)∂ϕ = 1
whenever x ∈ N or y ∈ N . 
In the above situation, since ∂ϕ is constant on cosets of N in G, it defines a map ∂¯ϕ :Q×Q →
A by setting (xN,yN)∂¯ϕ = (x, y)∂ϕ which is also normalized. Therefore ∂¯ϕ is a 2-cocycle in
Z2(Q,A) and defines an element [∂¯ϕ] ∈ H 2(Q,A) which will be referred to as the cohomology
element associated with ϕ.
Lemma 2.3. Let θ be an automorphism of N and let ϕ :G → N be a map associated with θ .
Then
(a) The associated cohomology element [∂¯ϕ] ∈ H 2(Q,A) is uniquely determined by θ .
(b) θ extends to an automorphism of G acting trivially on Q if and only if [∂¯ϕ] = 1.
(c) Let θ ′ ∈ AutN . If θ ′ has an associated map ϕ′ :G → N , then the map ψ :G → N , defined
by gψ = gϕ(gϕ′)θ for g ∈ G, is associated with θ ′θ ∈ AutN and [∂¯ψ ] = [∂¯ϕ′ ]θ · [∂¯ϕ].
Proof. (a) Suppose that ψ :G → N is another map associated with θ . Then we can write gψ =
gϕgμ for some gμ ∈ A with 1μ = 1. Since (gn)ψ = (gψ)n[n, θ ] and (gn)ϕ = (gϕ)n[n, θ ] for all
n ∈ N , it follows that (gn)μ = gμ and hence μ can be viewed as a map from Q into A which we
still write μ. A simple calculation now yields that
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(
(xy)ψ
)−1 · (xψ)y · yψ
= ((xy)ϕ(xy)μ)−1 · (xϕxμ)y · (yϕyμ)
= (x, y)∂ϕ ·
(
(xy)μ
)−1(
xμ
)y
yμ
for all x, y ∈ G. By Lemma 2.2, we have [∂¯ϕ] = [∂¯ψ ]. So ϕ and ψ define the same cohomology
element in H 2(Q,A) and (a) follows.
(b) Suppose first that θ extends to an automorphism σ of G centralizing Q. Write gψ =
[g,σ ] = g−1gσ for g ∈ G. Then ψ :G → N is clearly associated with θ and (x, y)∂ψ = 1 for all
x, y ∈ G. By (a), it follows that the associated cohomology element [∂¯ϕ] = [∂¯ψ ] = 1.
Conversely, assume that [∂¯ϕ] = 1. By the definition of cohomology group, there exists a
map μ :G → A with 1μ = 1 such that μ is constant on cosets of N in G and that (x, y)∂ϕ ·
((xy)μ)−1(xμ)yyμ = 1 for all x, y ∈ G. Define a map ψ :G → N by setting gψ = gϕgμ. Then
we have (x, y)∂ψ = 1, as calculated in the proof of (a). It follows that ψ :G → N is a derivation,
i.e., (xy)ϕ = (xϕ)yyϕ for all x, y ∈ G. Now define α :G → G by xα = xxψ and deduce that
(xy)α = xαyα . Since nψ = nϕnμ = nϕ = [n, θ ] for all n ∈ N , we have nα = nnψ = nθ . Clearly
α induces the identity map on Q. By Exercise 11.1 of [5], it follows that α is an automorphism
of G. This proves (b).
(c) By Definition 2.1, it is easy to verify that the map ψ :G → N must be associated with
θ ′θ ∈ AutN . For all x, y ∈ G, since yτ θ = θyτ (gϕ)τ , we have (xϕ′θ )yyϕ = yϕ(xϕ′)θyτ (yϕ)τ =
yϕ(xϕ
′
)y
τ θ = yϕ((xϕ′)y)θ and thus
(x, y)∂ψ =
(
(xy)ψ
)−1 · (xψ)y · yψ
= ((xy)ϕ(xy)ϕ′θ )−1 · (xϕxϕ′θ )y · yϕyϕ′θ
= ((xy)ϕ′θ )−1((xy)ϕ)−1(xϕ)y · yϕ((xϕ′)y)θ · yϕ′θ
= ((xy)ϕ′θ )−1 · (x, y)∂ϕ ·
((
xϕ
′)y)θ
yϕ
′θ
= ((x, y)∂ϕ′
)θ · (x, y)∂ϕ.
By Lemma 2.2, we deduce that (xN,yN)∂¯ψ = ((xN,yN)∂¯ϕ′)θ · (xN,yN)∂¯ϕ and the result
follows. 
For any θ ∈ CAutN(Qχ), by Lemma 2.1 we can choose a map ϕ :G → N which is associ-
ated with θ . Define ω :CAutN(Qχ) → H 2(Q,A) by setting θω = [∂¯ϕ]. This is well defined by
Lemma 2.3(a), and ω is a derivation by Lemma 2.3(c).
Now the exactness of the sequence in Theorem A can be established by Lemma 2.3(b). Finally,
it is routine and tedious to verify that the derivation ω can be identified with the restriction of the
Wells map Λ to the subgroup CAutN(Qχ) × {1Q} ⊆ Comp(χ) and so we omit the details. This
completes the proof of Theorem A.
3. Some applications
In this section, as applications of Theorem A we shall prove Theorems B and D in the
Introduction. We continue to use the notation in the previous sections. Also, we shall write
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serve that the kernel of ρ is CAutG(Q,N), the group of automorphisms of G that act trivially on
Q and N , which is isomorphic to Der(Q,A) by the exactness of the sequence in Theorem A.
Before proving Theorem B we need an elementary lemma.
Lemma 3.1. Let B = CAutG(Q,N) and let C = CAutG(Q,A). Then B is contained in the center
of C. Furthermore, if A is finite then the exponent of B divides that of A.
Proof. For any β ∈ B , since B is isomorphic to Der(Q,A), there exists a unique λ ∈ Der(Q,A)
such that gβ = g(gN)λ for all g ∈ G. (See also Satz I.4.4 of [3] or Result 1.1 of [7].) Let
γ ∈ C. Since γ centralizes A, gβγ = (g(gN)λ)γ = gγ (gN)λ and since γ centralizes Q,
gγβ = gγ (gγN)λ = gγ (gN)λ. Thus γβ = βγ and we obtain B ⊆ Z(C).
Suppose A is finite. Since the exponent of Der(Q,A) divides that of A, it follows that the
exponent of B also divides the exponent of A. 
We are now ready to prove Theorem B.
Proof of Theorem B. Observe that S ⊆ CAutN(Qχ,A) by conditions (a) and (b). Since the
exponent of H 2(Q,A) divides that of A, it follows from condition (c) that S is contained in the
kernel of the homomorphism ω :CAutN(Qχ,A) → H 2(Q,A). The exactness of the sequence in
Theorem A implies that S is also contained in the image of ρ defined in the above.
Use the notation in Lemma 3.1 and note that B is the kernel of ρ. Let T be the full preimage
in C of S under ρ. In this situation we have a group extension B T  S. Since B and S have
coprime orders by Lemma 3.1 and condition (c), it follows from the Schur–Zassenhaus Theorem
that T splits over B . Let Sˆ be a complement of B in T . Then Sˆ extends S and acts trivially on Q.
However, since B is contained in the center of T by Lemma 3.1 again, we conclude that Sˆ is the
unique subgroup of T with |Sˆ| = |S|. Clearly any automorphism group of G which extends S
and acts trivially on Q must be contained in T and the result now follows. 
In the proof of Theorem D we shall make use of an elementary property of cohomology
groups.
Proof of Theorem D. Suppose first that θ extends to an automorphism σ of G centralizing G/N .
Then we have [G,σ ] ⊆ N and thus [P,σ ] ⊆ P for every Sylow subgroup P/N of G/N . It
follows that the restriction σ |P of σ to P is an automorphism of P which extends θ and central-
izes P/N .
Conversely, assume that θ extends to an automorphism of P centralizing P/N for each Sylow
subgroup P/N of G/N . Let NGQ = G/N be the extension with the coupling χ and let
A = Z(N). Observe that the restriction of χ to P/N is the coupling of the extension N 
P  P/N . It follows that θ ∈ CAutN((P/N)χ ) and hence we have θ ∈ CAutN(Qχ). Choose a
map ϕ :G → N associated with θ . By Definition 2.1, it is easy to see that the restriction ϕ|P
of ϕ to P is exactly associated with θ in P , and by Lemma 2.3(b) the associated cohomology
element [∂¯ϕ|P ] ∈ H 2(P/N,A) vanishes. However, it is clear that [∂¯ϕ|P ] is precisely the image
of [∂¯ϕ] under the restriction map from H 2(Q,A) into H 2(P/N,A). From Satz I.16.18 of [3],
we conclude that [∂¯ϕ] = 1. By Lemma 2.3(b) again, θ extends to an automorphism of G acting
trivially on Q. The proof is complete. 
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